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1. INTRODUCTION 
Consider the nonlinear parabolic system 
where the functions f$ are smooth functions of their arguments and the 
D, are positive numbers. System (1.1) may be written in the abbreviated 
form 
where 
ut = Au +f(u> uz), (1.2) 
u = (v P’s*, %a), Au = ( 
D1s,... , ) 
and u, = 
( 
3% %I 
ax ‘...’ - ax ) * 
This paper is concerned with the stability of a special class of solutions 
of (1.2), namely, traveling wave solutions of the form 
u(x, t) = cp(x + ct), (1.3) 
where c is a constant. Wave solutions of the type (1.3) arise in numerous 
problems of physical interest; for example, propagation of nerve 
impulses [l, 6, 7, 12, 131; propagation of favorable genes [l, 2, 231; 
shock waves [3+ 9. 111; and flame propagation [16-201. The reader is 
referred to the excellent article [l] by Cohen for further discussion and 
examples. 
* The preparation of this research was supported in part by NSF Grant No. GP 37512. 
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If one looks for solutions of (1.2) w  ic h h are perturbations of a traveling 
wave, that is, for solutions of the form 
and transforms to a moving coordinate frame 5 = x + ct, he then 
obtains an equation of the following type for v. 
vt = Lv + R(v), (1.4) 
where L is a second-order linear differential operator and R is a nonlinear 
first-order operator. (The precise forms of L and R will be derived in 
the course of our investigation.) One easily sees that y’(t) is a null 
function of L: 
Lcp’ = 0 
so that 0 is in general a member of u(L), the spectrum of L. This fact is 
an immediate consequence of the invariance of equations (1.2) under 
the group of translations x -+ x + y. Since 0 belongs to a(L) one cannot 
expect to get asymptotic stability of the waves in a strict sense; that is, 
if the initial data are of the form 
then in general one cannot expect that 
MC-, 0 - 9Jm - 0 as t-co. 
Rather, one should expect that at best 
[45 t) - dE + r>l --t 0 as t --f a, (l-5) 
for some suitably chosen phase shift y. 
The situation in the present case is analogous to the phenomenon of 
orbital stability of periodic motions of an autonomous system. If u(t) is 
a periodic solution of the system of ordinary differential equations 
U-6) 
then a small perturbation of the form u(O) + EMU tends, as t -+ co, not 
to u(t) but to u(t + 6) for some suitable phase shift 6. Such stability 
is called orbital stability [lo] and is connected with the fact that (1.6) 
is invariant under the group of time translations t -+ t + 6. 
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In this paper we prove a general stability theorem (Theorem 4.1) to 
the effect that v is asymptotically stable to small perturbations (in the 
sense of (1.5)) p rovided that a(L) consists of an isolated eigenvalue at the 
origin together with some set lying interior to a parabola in the left half- 
plane. This statement will be made more precise in later sections, after 
an appropriate norm has been introduced. 
A stability result of this type has been proved in an elegant manner by 
Evans [6] for a special class of systems which occur in the theory of nerve 
axon impulses. In Evans’ case the nonlinear term f is independent of u, 
while some of the diffusion coefficients Di are zero. Our approach is 
quite different from Evans’, and we proceed by reducing the problem 
to an application of the implicit function theorem on a Banach space. 
Our theory also differs from Evans ’ in the introduction of weighted 
norms. 
The stability theorem is proved in Sections 2-4. In Section 5 we 
analyze the resolvent transformation (h - L)-l in the case of a single 
equation 
ut = %!r +m, u,> U-7) 
(u, f scalars). Under many circumstances of physical interest, (1.7) 
admits wave solutions v which are monotone and tend to finite limits as 
5 + &co. The stability of such waves can be demonstrated in a number 
of cases by use of a maximum principle argument in the spectral analysis 
of L. This argument, which seems first to have been advanced by 
Gelfand [20], runs briefly as follows. Since q’ > 0 and Lq’ = 0, L has 
a positive null function. Using a well-known maximum principle 
argument [21], and giving due care to the asymptotic behavior of solu- 
tions of (L - A)# = 0, we can show that no eigenvalue of L has positive 
real part. 
One consequence of our analysis is the systematic, advantageous 
introduction of appropriate weighted norms. Thus, instead of considering 
the perturbation equation (1.4) on the Banach space L, with norm 
II u II0 = SUP I fwl 
* 
we consider (1.4) on a Banach space 9w,0 with a weighted norm 
II f.4 llw.0 = ““,P I w(x) 44I, 
where w(x) > 1 is an appropriately chosen weight function. When 
considered on such a weighted space the operator L may have much 
“nicer” spectral properties than it would have on L, . 
STABILITY OF WAVES OF NONLINEAR PARABOLIC SYSTEMS 315 
Our theory is applied to a number of well-known examples in Section 6. 
One of the most interesting examples is the case of “KPP” waves [2]. 
Kolmogorov, Petrovsky, and Piskunov [2] investigated traveling wave 
solutions of the equation 
Ut = u,, + u(1 - 21); 
and found that this equation admits a family of waves CJJ(X + ct, c) for 
1 c 1 > 2. A complete spectral analysis of the associated linear operator L 
can be given in this case. IfL is considered as an operator on the Banach 
space L, it has a continuous family of eigenvalues distributed over the 
interval - 1 < h < 1. However, if the weight function 
w(f) = 1 + e-cc/* 
is introduced, then a(L) is contained in the region 
The region 
is bounded by a parabola which extends to infinity in the left half-plane 
and which crosses the real axis at h = - 1. In the case c = 2 the 
continuous spectrum of L extends along the interval [ - 1 , 01. 
Waves for Burgers’ equation 
are also analyzed (see [3, 51). The appropriate weight function in this 
case turns out to be 
clll w(5) = cash 2. 
In that case a nice stability theory for the waves can be developed. The 
spectrum of L consists of a continuous spectrum on the interval - co < 
h, < -cs/4 together with an isolated eigenvalue at the origin. 
The author would like to acknowledge a number of useful conversations 
with his colleagues, Professors H. Weinberger and D. Aronson, with 
respect to the subject matter of this paper. Special appreciation is 
607122/3-4 
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accorded D. Aronson for his interesting seminar lectures on the subject 
of stability of diffusion waves, which did much to stimulate the author’s 
interest in the subject. 
2. LINEAR STABILITY THEORY OF WAVES 
Consider the nonlinear parabolic system 
*t = Au t-f@, 4, 
4% 0) = %(X)7 
(2.1) 
where u = (ul,..., zP), A is a second-order elliptic operator with constant 
coefficients, andf is a vector valued function of ul,..., ZP, ad/ax,..., &P/ax. 
We assume f is at least C4 in all its arguments. Suppose that (2.1) admits 
solutions of the form 
+, t, 4 = v(5, c), 5 = x + ct, (2.2) 
for some value, or values, of the wave speed c. Since (2.1) is autonomous 
(f and A are independent of x and t), the wave q~ in (2.2) gives rise, 
for each c, to a one parameter family of waves 
dE + Ys 4. (2.3) 
Let g denote the class of all continuous bounded vector valued 
functions on {-CO < x < co>. The family (2.3) can be regarded as a 
one-dimensional manifold J& in 9, and we are interested in the stability 
of J!. Let w(x) be a (smooth) positive weight function, w(x) 2 1, and 
denote by Ij Ilw,O the norm 
and let gm,j be the Banach space of functions on {- CO < x < co} with 
finite 11 Ilzo,i norm. We assume that the waves q~ in (2.3) belong to 99m,1 . 
The distance of a function u in aw,r from JI may be defined by 
~(f4 A) = $f II $4 - P)@ + 75 ~h,~ j 
where y ranges over -03 < y < 03. 
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DEFINITION 2.1. The wave v is asymptotically stable in the norm 
]I JJW,l if there is a 6 > 0 such that 
K: P@, FJ) = 0 (2.4) 
whenever 
P(% 3 ?J) < *. 
(Here u(x, t) is the solution of (2.1) with initial data zq, .) 
Condition (2.4) certainly holds if there exist y such that 
k: II 4% t) - P(X + ct + y, c>ll = 0. 
Let the initial conditions be given in the form 
u(x, 0) = &, c) + Qf+&), 
and let us suppose the solution to (2.1) be written in the form 
4x, 4 = p;(x + c.f + y, c) + & t, E), 
where 11 v Ilw,l + 0 as t --t co and y(e) = Eh(E). We derive an equation 
for the perturbation v as follows. Letting 5 = x + ct we get, in this 
moving coordinate system, 
where 
W, u, a’, 4 = @{f(y + EV, v’ + ~4 - f(v, v’) - efmv - ef$> (2.6) 
and fm , f,f denote the matrices 
afi 
api 
afi and 
-a$ 
respectively. All quantities above are evaluated at 5 + Eh. Primes 
denote differentiation with respect to .$. 
In the next section we show that I2 is a smooth operator and remains 
bounded as E -+ 0. Letting E + 0 in (2.5) we get, formally, 
318 D. H. SATTINGER 
where the linear operator L is given by 
Le, = Aa - cv’ +f,d +f,v. (W 
Equations (2.7) constitute the linearized stability problem for the 
perturbations. 
Let us note that formally 0 belongs to a(L). In fact, in the moving 
coordinate system f = x + ct we have the following equation for y. 
0 = 4 + l T’ + f (v, 94. (2.9) 
Differentiating this equation with respect to [ we get 
0 = 4’ - c(6)’ + fs + fd, 
0 = Lg. 
If 0 is an isolated point in a(L) and if the rest of a(L) lies strictly in the 
left half-plane then the solution of (2.7) tends asymptotically, as t -+ 00, 
to 
Pfl([, 0) = Pu, - hP# 
= Puo - hcp’, 
where P is the projection onto the null space of L. Now 0 being a simple 
eigenvalue of L, P has the form 
Pu = (u, e*> cp’, 
where e* is an element of the dual space &?$,a such that (v’, e*> = 1. 
Therefore the solution v of (2.7) tends to zero as t -+ co iff 
h - (u,, , z*> = 0, (2.10) 
and this condition uniquely determines h. 
This procedure gives us the solution ~1 and the phase shift y to first 
order in E. Our aim, in the next two sections, is to extend this analysis 
to the full nonlinear problem (viz., E # 0). 
3. PRELIMINARY A~ALY& 
In this section we establish a number of technical results which will 
be needed in the course of our investigations. Below ‘p denotes the wave 
solution and w denotes an arbitrary (smooth) weight function. 
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LEMMA 3.1. Suppose v E SlW,4 . Then the initial data in (2.5) can be 
written in the form 
v(s‘, 0, c) = uo - b’ + q?(e, E, h), (3.1) 
where g(c, 5, h) is a Frechet dtgerentiable mapping from R2 to .S?,,1; and g 
is uniformly bounded as E -+ 0 if h remains bounded. 
Proof. By comparing (3.1) with (2.5) we see that 
g(5 E, h) = (l/+f(& - 91(5 + Eh) + p’(6) Eh). 
By Taylor’s theorem this can be written 
s 
l g(e, f, h) = --h= T$‘(.$ + &(l - T) d7. 
0 
Assuming v E L%‘~,~ then g E L?J?~,~ for each fixed h and E and clearly is 
uniformly bounded as E + 0. The Frechet derivative of g with respect 
to h, when g is considered as a mapping h -+ L$?~,~ is the linear operator 
Sh --f @g/ah) 6h = (-2h I’(1 - 7) ~“(6 - TEA) d7) Sh 
0 
+ (h2 E j’ ~(1 - T) tf(t - TEh) dT) 6h. 
0 
If v E L8w,4 then agjah is a bounded transformation from R to $W,1 . The 
details of the verification are left to the reader. 
LEMMA 3.2. Let f E C2 and let v E 99W,2 . Then the linear operator 
c-v = f, IE+v v +f,, Ir+v V’? 
where fv It+,, = f,(p(S + Eh), ~'(8 + ch)), etc., takes the form 
where B is a bounded transformation from S8W,1 to .S?,,,o which is uniformly 
bounded as E --+ 0. 
Proof. We again apply Taylor’s theorem, this time to functions of 
two variables. Thus 
f&,(6 + Eh), V’(t + cb)) = f&?-‘(8), v’(6)) + oh Jo1 (f,& +f,,$) dT, 
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where the arguments in the integrand are evaluated at the point &! + ET/Z. 
The second expression, namely, that arising from fI*o’, may be repre- 
sented in a similar manner. Thus B is certainly a uniformly bounded 
operator from gw,r to &‘w,O if f is in C2 and q~ E ~8~~~ . 
LEMMA 3.3. The remainder term R in Eqs. (2.5) is a Frechet d#eren- 
tiable map from 3Yw,1 x R to gwSO provided f E C3. 
Proof. We first note that with our choice of norms, the spaces awSi 
are Banach algebras, that is, 
II fdv llw,j G II u Ilw.i II v llw,i 
for any j. Applying Taylor’s theorem as in Lemma 3.1, we get 
R(f, v, v’, e) = - o1 (T - l)[f,,v2 + 2f,,,vv’ +f,,,,(v’)“] dr, s 
(3.2) 
where fam , etc., are evaluated at (v(( + yr) + ark, Y’(( i- ~7) i- 
ETV~( 0). Then, since 
f ' (7 - l)fw d7, 0 jolfw+ - 1) dT, jolf~~&- - 1) dT 
are uniformly bounded in f provided v, v’ are bounded, the estimate 
II R(E, v, v’, 4I,,O G c II v lli,, 
follows easily. To investigate the differentiability of R we must differen- 
tiate (3.2) with respect to v and v’. The reader may do this and will see 
that the resulting partial derivatives are uniformly bounded provided f 
is in C3 and v E a,,,r . 
We assume that L has an isolated eigenvalue at the origin. This means 
that the resolvent transformation (X - L)-l has a simple pole at the origin. 
Let 
p = & j (h - L)-l A, c 
where C is a circle enclosing the origin and no other points in o(L). 
Then P is a projection onto the null space ofL (see [23, p. 4181). Further- 
more, PL = LP = 0, and P has the form 
Pu = (u, e*> v’, 
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where e* is an element of the dual space g$,a . Since PLu = 0, 
<Lu, e*) = 0 P-3) 
for all u E C,W(R). The linear functional u + (u, e*) is easily seen to be 
a distribution in the sense of Schwarz. Since the coefficients of L are 
smooth functions, L has a well-defined adjoint, and (3.3) is a statement 
of the fact that 
L*e* = 0 (3.4) 
in the sense of distributions. Since (3.4) is a system of ordinary differen- 
tial equations, however, e* can be identified with a smooth function v* 
which satisfies L*y* = 0 in the classical sense. 
In one special class of wave problems we may determine v exactly, 
namely, when the equations are of the form 
Ut = h! +fm 
withf, u scalars. The wave (p(t) satisfies the ordinary differential equation 
and the operators L and L* are 
Lw = wn - czd + f ‘(ql)w 
L*v = 0” + cv’ + f ‘(P))v. 
Now Ly’ = 0 and, putting e* = ePC$‘(f) we see that L*e* = 0, so 
the adjoint eigenfunction is e*+‘(t). The functional in (2.10) in this 
case is therefore 
04, e*> = 
LEMMA 3.4. Let the operator L given by (2.8) satisfy the following 
hypotheses (considered as a transformation on gW,J. 
(i) L has an isolated simple ezgenvalue at the origin while the 
remainder of its spectrum lies in theparabolic region B = { y2 + a + x < 0} 
(a > 0) in the left half-plane. 
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(ii) The resolvent transformation (A - L)-l has the following asymp- 
totic behavior. Given any 6 > 0 there is a constant c(6) such that 
I/V - LW IL.1 d -$+,o 
forallAin~argh~ < n - 6 and exterior to 8. 
Let Q = I - P and let u satisfy the initial value problem 
ut =Lu +Qh, 
u(0) = 0, 
(3.5) 
for h(t) E CS?W,O for t > 0. Th en or any w, 0 < w < a, there is a constant f 
c(w) such that 
II Wlw G 4~) jot 5 II W - sN,,o ds. (3.6) 
Proof. Let e- tL denote the semigroup generated by the operator L. 
The solution of (3.5) can be represented in the form 
u(t) = j" e-(t-s)LQh(s) dx. 
0 
By assumption (ii) the operator e--IL& can be shown to have the repre- 
sentation 
e-tLQ = & 
s 37 c 
e+“(h - L)-l dh, (3.7) 
where C is any contour which lies strictly in the left half-plane, (thus 
avoiding the origin) and tends to infinity along rays in the left half-plane 
(see Fig. 3.1). (Th is is a standard result from the operational calculus 
of analytic semigroups; a proof is given in Appendix A.) By the estimate 
(ii) there exists a constant C such that 
II e-tLQh /Iw,1 < & jc I &A I II@ - L)-lQh /Iw., I dh I 
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FIGURE 3.1 
(Note that Q is a bounded transformation on SYW,l since B is bounded 
and Q = I - P.) W e now choose the contour C to consist of the two 
rays X = --w + p&v, where 0 < w  < a, 0 < p < 03, and 7~12 < 
y < rr is chosen so that the rays do not enter the region 9’. Then 
s 
e-uteotcosY 
c+$$IdxI =2j: [(PCOSY-W)2+p2sin2y11/4dp 
<2 s 
e-wtePt COSY 
om (0~” + p2 sin2 y)V4 dp 
I 
m  
< 2514 
e-WteDtcO8Y 
o (W + p sin y)li2 dp 
< 27Pe-wt dw ;t;;sG dp. 
Let 
Then 
I(x) / * 11’2 < Joa dp s”:;, x , d(p 1 x I) = -+r,; ‘2 . 
Therefore 
s 
1 e-th 1 1 dh 1 
Txlj 
< ce-wt 
C l/t ’ 
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II Ww,l 9 s,’ II e-ct-S)LQWll,,l do 
We also obtain the estimate 
II e-tLQh IIw.l G Ce-wt/d~ll 4t)llw.o . 
We now introduce the following norms on functions defined on the 
half-space {-co < x < co, t > 01: For o > 0, 
II 24 Ilw.i.w = “t”<; cot II UC’, N.d . 
We denote the corresponding Banach spaces of continuously differen- 
tiable functions by &E,j . Let Qam,j and QaG,j denote the Banach 
subspaces of functions u for which Pu = 0 and Pu(t) = 0 for all t > 0, 
respectively. Thus 
Qk& = {u: u E ~23~~~ , (u, e*) = 0}, 
Q8,W.j = {u: u E 8i.j , (u(t), e*) = 0 for t > O}. 
The solution of Eq. (3.5) d e fi nes a transformation h -+ u from 6!?;,s to 
Qc?$ for w  < a. Let us denote this transformation by K. 
LEMMA 3.5. The transformation K is a bounded transformation 
from CT& to Q&E,1 for any w, 0 < w < a. 
Proof. By Lemma 3.4 we have 
II 4t)llw.~ G ‘7~‘) jot ‘5 II W - %,, 6 
where 0 < o < w’ < a. Since h E && , 11 h(s)llzo,O < 11 h I~w,O~we-~~, so 
II 4t)ll,,, < C(w’) II h llw,o,~~ot ‘F e-w(t-s) ds 
< C(OJ’) /I h Ilw,o,we-wt m y ds 
0 
< cona. II h Ilw,o,ue-wt, 
where the constant depends on (w - w’). 
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It remains to show that J%(t) E 0; however, 
Pu(t) = Pjt e-(t-s)LQh(s) ds = 
0 s 
t e-(t-s)LpQh ds = 0 
0 
since PQ = 0. 
4. THE STABILITY THEOREMS 
THEOREM 4.1. Let the operator L satisfy the conditions of Lemma 3.4, 
and assume f E C3 and ~(5) E 91W,4 . Let u(x, t) satisfy the initial value 
problem (2.1) with initial data of the form 
where I+, E JSY,,,,~ . Let w < a. Then for sufficiently small E there exists a 
Cl function Y(E) and a constant K(o) such that 
II 45 4 - 45 + r(4)lLl < Ke+, t 3 0. 
The function y(e) is of the form y = Eh(E), where h is continuous and tends 
to a$nite limit as E + 0, namely, 
h(O) = <uo, e*>, 
where e* is the adjoint eigenfunction discussed in the previous section. 
Proof. We introduce a moving coordinate frame 4 = x + ct and 
linearize Eqs. (2.1) about the wave ~(5 + Y(E)), where y is to be deter- 
mined. As in Section 2, we get 
vt = Lv + EBV + l R(tJ, v,v', E), (4.1) 
~(6, 0,4 = uo(t) - W + q(c, h, 51, (4.2) 
where the prime denotes differentiation with respect to 5, and Y(E) = 
Eh(E). The operator B in (4.1) is the operator introduced in Lemma 3.2. 
We now write 
v(t) = Pv + Qv = p(t) 91’ + 5(t), (4.3) 
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where P, Q are the projections introduced in Section 3 and p(t) = 
(v(t), e*). Substituting (4.3) into (4.1) we get 
5t = L5 + EQBV + cQR(5, v, v’), 
fi = c(Bv, e*) + c(R(.$, v, v’), e*). 
Operating on (4.2) with the projection P we get 
P(O) = <uo, e*> - h + 4gk, t, A), e*), 
since e* is normalized so that (y’, e*) = 1. Inverting the equation for 5 
we get, in the notation of Lemma 3.5, 
5 = 4QBv + QR(v, ~71 + e-““Q[u, + &, 4,4, (4.4) 
since l(O) = Q[u,, + g(c, 5, h)]. On the other hand, 
p(t) = E l’ <Bv, e*> + <R(v, v’), e*> ds +$$I). 
Our intention being to construct a solution of (4.1)-(4.2) which tends 
to zero as t --t co, we set 
0 = E jrn (Bu, e*) + (R(v, v’), e*) ds + p(O) 
0 
(43) 
= E 
I 
m (Bv + R(v, v’), e*) ds + <u. , e*) - h + E(g(c, 5, h), e*). 
0 
If this condition is satisfied, then 
p(t) = --E la (Bu + R(v, v’), e*) ds. (4.6) 
Equations (4.4), (4.5), (4.6) may b e collected as follows. We define 
&(5, P, Q) = 5 - l KQ[Bv + R(v, v’)] - etLQ[uo + de, 5, h)], 
%(5, P, hk) = P(t) + e jtm @v + R(v, v’), e*> ds, 
&(5, P, 44 = h - (uo > e*> - e(g(c, f,  h), e*) - E jrn (Bv + R(v, v’), e*) ds. 
0 
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Now setting 9([, p, h, l ) = (&, 3T2, F3), Eqs. (4.4)-(4.6) may be 
written in the compact form 
F”(C, P, k 4 = 0. (4.7) 
We wish to construct solutions of (4.7), {(E), p(e), h(c), for small E, where 
L’EQC,,N-~~, and h E R. (We define [ww to be the Banach space of 
continuous functions on 0 < t < co with the norm 
II P 110 = SE; ewt I p(t)l-1 
When E = 0 we may take 
h = h, = (u. , e*), 
P = PI@) = 0, 
5 = (t) = e-tLQuo . 
Because of our assumptions on the spectrum of L, <a E Qr$;,r . 
We now claim that the mapping 9, by virtue of Lemmas 3.1-3.4, 
is a Frechet differentiable mapping from the Banach space 
Q2a& x R” x R 
to itself. For example, let us check the transformation 
(P, 5) -+ lrn 0% e*> ds. 
Since z, = p(t)v’ + 5 we have 
On the other hand, 
II Bv ILo < co*st. II v(-, Nw,l , 
so 
Hence 
I(% e*>l < cow. II 4., t)llm,l 
< co*st.(l PWI + II LX*, %.J 
G co*st. e-Tll P IIw + II 5 ILd. 
I! * (Bv, e*) ds j I < const. (jtm e-“’ ds) (Ilp I!@ + II 5 Ilw.l.w) 
< const. G (II P IIW + II 5 Ilw,1.0)* 
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The other terms may be treated in a similar manner. We note that R 
is a differentiable mapping from S;,r to &‘;,a; Q is a bounded transforma- 
tion from ~~,j t0 SYw,j; K is a bounded mapping from Q&;l,0 to Q&‘;,r; 
and a nonlinear functional of the form w  --f (Z(z)), e*) is a differentiable 
mapping from LSYw,r to R’ whenever 2 is a differentiable mapping from 
%lJ.l to %.o * The details of verifying the assertion that 9 is a Frechet 
differentiable mapping are largely straightforward, and are left to the 
reader. 
We may thus apply the implicit function theorem to the mapping 9. 
To this end, we compute the Frechet derivative of 9 at (6, , p, , h, , 0): 
I 0 0 
9”’ I( co.e&bo) = [ 1 0 IO, 001 
and this operator is clearly invertible, Therefore, by the implicit function 
theorem in a Banach space [14, Chap. III]), there exists a vector 
(C(E), P(E), h(e)) in &;,r x lfP x R, which is continuously differentiable 
in E, such that 
F(5(4, P(4, hk), 4 = 0. 
Remarks. (1) The argument of Theorem 4.1 does not yield func- 
tions p and t with a high degree of regularity. In particular, it is not 
apparent from the proof that p(t) or i@/at are continuous functions of t. 
The regularity of v in the variables x and t may, however, be inferred 
from the classical regularity arguments for solutions of parabolic systems. 
(2) If stronger assumptions are made on the regularity of f, 
correspondingly stronger, regularity results are obtained for the depen- 
dence of 5, p, and h on E. In particular, we have 
COROLLARY 4.2. If the function f is analytic in u1 ,..., u, , &,/ax ,..., 
&,/ax in some (complex) neighborhood of the range of values of q~([) and 
~‘(6) (- co < 5 < CO) then the functions 5, p, h of Theorem 4.1 are 
analytic in E. 
Proof. If f is analytic then the mapping 9 constructed in Theorem 4.1 
is differentiable in the complex Banach space of complex valued functions 
5, p, h, that is, 9 is an analytic mapping of the complex Banach space 
QcFW”,~ x C” x C 
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to itself. The resulting functions 5, p, It are differentiable functions of the 
complex variable E, hence are analytic (see [14, Chap. III]). 
In some instances L may not have an eigenvalue at 0 (see Sect. 6), for 
the reason that q~’ $ L~ZJ~,~ . In this case, assuming o(L) is strictly contained 
in some region y2 + x + a < 0, the wave ~(5) is asymptotically stable 
in the strict sense, that is, there is no need to introduce the wave shift y. 
Specifically, the following is the case. 
THEOREM 4.3. Let L and f satisfy the conditions of Theorem 4.1, 
except that 0 $ o(L), and let u(x, t) satisfy (2.1) with initial data of the form 
4x9 0) = g)(x) + %(X), 
Then there is a constant K > 0 such that 
II u(f, t) - d5)llw.l < Ke-wt, t+ co, 
for any w, 0 < w  < a. 
Proof. The proof is a simplified version of that of Theorem 4.1. The 
modifications are left to the reader. 
5. CONSTRUCTION OF THE RESOLVENT 
In the proof of the stability theorem certain assumptions were made 
about the asymptotic behavior of the resolvent transformation (A - L)-l, 
as well as about the spectrum of L. In this section we construct the 
resolvent operator (A - L)-l and investigate the spectral properties of 
L for the case of a single equation 
Ut = %cz +m, %!) 
(u, f scalar functions). The operator L in this case has the form 
Lu = U” - 2bu’ + qu, 
where the prime denotes d/d.$, and 
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Let us consider the resolvent equation 
d - 2bu’ + qu - Au = g(5). (5.1) 
We make the transformation 
where 
u( Q = v(E) h+(E), 
B(t) = j-‘b(s) ds. 
0 
We then get the following equation for ~1. 
where 
(M - h)v = e-Bg, 
Mv = v” + [b’ - b2 + q]v. 
When M is defined as in (5.3) we have 
L = eBMe-B, 
(5.2) 
(5.3) 
where eB denotes the operation of multiplication by the function eB(E). 
Consequently, 
We now let 
(A - L)-l = eB(X - M)-lecB. (5.4) 
~(6) = b’(5) - b2(t) + q(t), 
P* = J&P(E), 
!I* = jiym 4(t), 
&> = VQ - P* , 
where the symbol 1/- denotes that branch of 1/i which is positive when 
x is real and positive. The functions y*(X) are single valued and analytic 
in the plane cut along the negative real axis from --co to p, . In the 
future, we shall denote these regions by {I arg h - p, 1 < 7r’j. 
Assuming that 9’ and v” tend to zero as [ -+ -+ co, we see that 
b’(e)+Oas t--+-&co. Then 
Pi = a - W”, 
where b, = lim,,,, b(e). 
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LEMMA 5.1. Suppose that 
s m I ~(5) -P+ I dS, 0 
j-:a I ~(6) - P- I de < +w. 
Then the homogeneous equation 
(M- X)p, = 0 
has a system of solutions y1 , q2 , +I , and $2([, A) which have the following 
asymptotic properties. 
qll = e-++tAjE [l + 0 (-+-)], 
w) = e++(“)‘[--y+(h) + O(l)], 
v2 = e v+(h)e [l + 0 (-+)I, 
921 = eY+(‘)Ty+(4 + O(l)l, 
& = ey-(A)E [ 1 + 0 (-&==)] , 
4; = ev-(A)6[y_(h) + O(l)], 
*2 = e*-(‘)‘[l + 0 (-&=)I, 
$i = e-‘-(n)‘[ -y-(h) + O(l)], 
Furthermore, qua , q2 (respectively, +bl , I,!J~) are single-valued analytic 
functions of h in the plane cut along the real axis from -GO to p, (respec- 
tively, from - co top-). 
Proof. The results of Lemma 5.1 are standard conclusions in the 
theory of asymptotic behavior of solutions of ordinary differential 
equations. For completeness, we indicate their proof below. 
To construct CJJ~ , we look for a solution of (M - h)p, = 0 in the form 
y1 = zle-Y+(A)E. Note that R ey+(X)>Owhen[argX-p+j<rr.We 
get the following equation for z1 . 
2; - 2Y+Z, + $z1 = 0, 
607/22/3-s 
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where $ =p-p,. This equation may be integrated from 5 to co 
to obtain 
x’(f) = 6 e2v+(E-s)j(s) z(s) ds, (5.5) 
(5.6) 
In deriving (5.5), (5.6) we assumed that a’ -+ 0 and x -+ 1 as 6 -+ CD. 
Since Jr I$] ds < +co, Eq. (5.6) may be integrated by successive 
approximations. The estimates for qr and or’ then follow readily from 
(5.5), (5.6). 
To construct vs, set v2 = zseY+(h)C; the following equation is then 
obtained for zs . 
z; + 2y+z2’ +$z, = 0. 
Assuming x,‘(O) = 0 we derive the following integral equation for zs . 
s 
e 
z2’ = - e2Y+k-s)$Z2 A, (5.7) 
0 
z2([) = 1 + $6 j?~(e-~~+~~-~) - 1) ds. 
The integral equation (5.8) may be solved by successive approximations. 
Since Re y+ > 0 the kernel in (5.8) is dominated by [ j(s)], which is 
integrable on (0, co). The estimates for 9s and vs’ then follow from (5.7) 
and (5.8). 
The treatment of the asymptotic behavior of & and t+4s as f -+ - 00 
is entirely similar. 
Since (5.6) and (5.8) are solved by successive approximations, the 
solutions JQ~, Y+), z2(& Y+> are analytic functions of ‘y+ in the punctured 
complex plane y+ # 0. The function r+(h) is in turn an analytic function 
of X in {I arg h - p, 1 < ?T}, that is, in the plane cut from -co to p, 
along the negative real axis. The same remarks apply to the solutions 
A and 42. 
LEMMA 5.2. The Wronskiun 
w4 = PI’ - $b’, 
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where v and # are any two solutions of (M - h)q~ = 0, is independent of 5 
and is an analytic function of X in the complex plane cut from --CO to 
max{ p, , p-1. Furthermore, the functions cpi , pi of Lemma 5.1 have the 
following representations 
%(5,4 = 44 VW, 4 + &(3 vu& 3, 4-+-co, (5.9) 
?ME, A> = cm v&, 4 + W) Pz(f, 4, 6 -+ +a> (5.10) 
where the coeficients Ai , Bi , Ci , Di are analytic functions of X in the same 
cut plane and are O(1) as h ---t co in the sector 1 arg X 1 < 7r - 8 for any 
6 > 0. 
Proof. The statement concerning W(X) is a well-known fact from 
the theory of ordinary differential equations. Since yI and ~a form a 
basis of solutions for 5 > 0, (5.9) is justified; and (5.8) is justified for the 
corresponding reason. The coefficients A, and B, may be determined 
by solving the following system of equations 
We get 
where 
Jw) = Qwz’ - ~2~1’9 
and a similar expression is obtained for B,(h). From Lemma 5.1 we see 
that 
W(X) = -2yJh) + O(1) 
as h --t co in the cut plane, whereas, for example, 
A’% kJ1 = Y+(/\) - Y-N + O(1). 
Thus 
A,(h) = Y-@) - Y+@) 
2Y-(4 
Similar asymptotic expressions can be developed for the other coefficients 
Ai, Bi , Ci , and Di . 
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By an eigenfunction of M we mean a bounded nontrivial solution 91 
of Mp, = Xp, for some value of h, any such number X then being called 
an eigenwalue of M. By Lemmas 5.1 and 5.2 any solution of (M - h)q = 0 
behaves asymptotically as 5 --f 00 like 
Aev+Wr + Be-v+(hk; 
so q~ will be bounded only if 
A=0 or Re r+(h) = 0. 
The second condition, however, is impossible if X is excluded from the 
negative ray - co < X < p, . A similar result holds as 5 -+ - cc; and so 
we see that all bounded solutions of MT = hq~ in fact decay exponentially 
as [ -+ *cc whenever 
I arg(h - HI < n (d = max(P+ ,P-1). 
All eigenvalues of M must therefore in fact be real. For, defining 
we have 
4% d = WY, 9J) = (9J9 JG4 = ((P, $4 = &> 949 
hence (h - A)(,, 9) = 0 and X = ;i. 
LEMMA 5.3. We consider M as an operator on the Banach space L, . 
The eigenvalues of M in the interval h > fi ( p = max( p- , p,)) are 
conjined to the interval p < h < I/p llocl , and form a discrete set of points 
on the real axis which can cluster only at X = $K M has a continuum of 
eigenvalues in the semiinjinite interval - 00 < A - ji. 
Proof. The Wronskian 
is an analytic function of h in the cut plane 1 arg(h - p)I < r; and the 
eigenvalues of M are the zeroes of W, hence are discrete for Re X > B. 
When h > /I p ljoo , q~ must satisfy 
and 
4 +(P - X)cp = 0 
V--+0 as IEI+CO, 
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while ( p - A) < 0 everywhere. This situation, however, is precluded 
by the maximum principle. In fact, at a positive maximum of 9) we have 
v” < 0 and ( p - ~)CJI < 0, so that the differential equation for q cannot 
hold. Similarly, v cannot have a negative minimum; yet y must tend 
tozeroas[--+foo. 
We now show that (M - X)# = 0 has a bounded solution on 
-co < 5 < co whenever h < jJ. If p- < X < p, , then there is one 
exponentially growing and one decaying solution as 5: --+ -cc. As 
E + + co the solutions are oscillatory, but bounded. Therefore, choosing 
# to be that solution which decays exponentially as 5 -+ -00 we see 
that 16 must be a linear combination of oscillatory solutions as .$ + + co. 
When h < p- we get solutions which are oscillatory at both c = &co. 
A similar situation obtains if p, < p- . 
LEMMA 5.4. As A -+ CO in the sector 1 arg X 1 < n - 6 for any 6 > 0, 
the resolve& transformation (X - M)-l satis$es the following estimates 
(5.11) 
where C depends on 6, and 
II g II0 = “!P I ml 
II g 111 = “!P I &?Wl + “YP I gm. 
Proof. To obtain the estimates (5.11) and (5.12) we must estimate 
the integrals 
and 
I G(x,Y, 41 dr (5.13) .r 
m 
-cc 
s 
m 
-02 
I Gin@> Y, 3 dy, (5.14) 
respectively, where G(x, y, X) is the Green’s function for the operator 
(M - h). Now 
1 G(x, y, A) = -- MY, A) v&9 49 x >Y, 
WV ‘pl(Y9 3 ~l(X, A), x <Y, 
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where 
From Lemma 5.1, W(h) has the asymptotic behavior 
W@) = -(l/h - p- + d - p,) + O( 1) 
= -(Y+@) + Ybv) + O(l) 
as h -+ co in the cut plane (1 arg h 1 < 7~ - S>. 
We first estimate (5.13); we have 
I m I G(x,Y, 414 --m 
I dx, h)l I #I(Y, h)l4+ jzm I#&, h)l I dy, A)[ dy].
Let us suppose x > 0 and estimate the first term: 
The first integral is bounded by 
j ’ I &(y, 41 dy < f ’ eRev-(‘)’ (1 + 0 -&) dy 
-cc 
The second integral is estimated as follows. 
joG I h(r, 3 dy < I A I joz eRev+Q)Y dy
=IAI 
eRev+h)z _ 1 
Re Y+@) ’ 
where A is one of the coefficients in Lemma 5.2. (We have omitted the 
second term in #a from (5.10) since this term is clearly bounded.) 
Therefore 
s 2 ( q+(x, A)( 1 &(y, A)( dy < = + = < Cn(S) -co I r-(41 I r+@)l 2/l x I 
as h -4 00 in I arg h j < +rr - 6. The estimate of the other term proceeds 
in much the same way, as well as the estimate in case x < 0. The factor 
STABILITY OF WAVES OF NONLINEAR PARABOLIC SYSTEMS 337 
] W(h)]-l, as well as the factor j h j-1/2 from the integral, combine to give 
the asymptotic behavior 1 h 1-l in (5.11). 
To obtain the estimate of (5.14) we simply note that differentiation 
of G with respect to x brings down a factor of order d/i A 1. 
THEOREM 5.5. Suppose 3 < 0 so that the spectrum of M is discrete in 
h > 0. If there exists a positive function y such that Mq = 0 then M has 
no positive eigenvalues. 
Proof. By hypothesis 9) satisfies the differential equation 
cp” +ps, = 0. 
Suppose # is a bounded solution of (M - A)# = 0. Then 
I) = O(e++‘), f--f $-co, 
= O(e’-‘), 5+--a, 
where r,(h) = da . If v tends to infinity as 6 -+ co, then 
u = *bP 
tends to zero as 5 -+ co. On the other hand, if y tends to zero as f --f 00, 
then ‘p = O(e-Y+(O)t) as 6 -+ oc, and 
u(t) = O(e(-Y+(A)+y+(o))E) as 5 + co. 
Since A > 0, u -+ 0 as 5 -+ co. The same is true as f + -co. Sub- 
stituting # = plu into the equation for # we obtain 
24 UN + q- li - Au = 0, 
U+O as [+-&co. 
(5.15) 
Now, however, we may apply the same maximum principle argument 
that we applied in the proof of Lemma 5.3 to conclude that u must be 
identically zero. 
We now turn to an analysis of the resolvent transformation (A - L)-1 
on the Banach space 9Yw,o weighted by the function 
w(() = 1 + e-B(e). (5.16) 
By a(L) we mean the spectrum of L relative to the Banach space a,,,-, . 
We assume that 
(5.17) 
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and that 
j- / b(t) - ; 1 d5 < +a, /--m / b(5) - $- 1 d5 < +- (5.18) 
0 
Condition (5.18) is satisfied as E --+ + co, for example, if (91, F’) + 
(1,O) as 5 + 03 and (q~ - 1) = O(e-V’), q~’ = O(e*“) for some y > 0. 
Let B+, P- denote the two regions 
I 
I f+ I P*= X:Rel/h-ppi>T. 
I 
B+ and 8- are the regions exterior to the parabolas 
(4” 
p* = 2(1 + cos e> ’ 
where X - p, = pieie, -n < 0 < vr. The parabolas (5.19) meet the 
real axis at h = q* and extend to infinity in the left half-plane. In the 
following, M is considered as an operator on L, . 
THEOREM 5.6. Under the assumptions on b and q of Lemma 5.1, and 
in (5.17), (5.18), we may draw the following conclusions about the resolvent 
operator (A - L)-l considered as a transformation on SYW,O .
(I) If K+ > 0 and K- > 0, then the resolvent sets of L and M 
coincide in the region 8+. 
(II) If K+ < 0 and K- < 0, then the resolvent sets coincide in 8-. 
(III) If K+ < 0 and K- > 0, then the resolerent sets coincide every- 
where. 
(IV) If K+ > 0 and K- < 0, then the resolvent sets coincide in 
B- n B+. 
Furthermore, the resolvent (A - L)-l satisfies the following asymptotic 
estimates as j X 1 --too in IargAI <r-S. 
II0 - JY~ IIw.0 G co II u Ilw.0 3 , h , (5.20) 
ll(A - L)-L /Iwsl < co dlhlIl~llw.o. 
These estimates hold as X ---t a~ in P+ n P-. 
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Proof. Under our assumptions on b, 
hence 
B(t) - f 5 + const., [ -+ foe, 
Assuming u E &?!w,O we estimate 
I@ - LP Ilw.0 . 
Since (X - L)-L = eB(X - M)-leuBu by (5.4), and since e-Bu EL, , 
we have, by Lemma 5.4, 
/I e-B(X - L)-L Ilo < ‘5 11 e-Bu /lo , x+co, (5.22) 
where 11 &, is the sup norm given in Lemma 5.4. It remains to estimate 
ll(A - L)-lu Ilo = I/ eB(X - M)-le-Bu IJo . 
If we are in case (I), eB -+ + co as .$ -+ + co, while eB -+ 0 as 5 + 
- co, so it is only necessary to estimate 
1 ekc/2)C(X - M)-le-Bu 1 < &+/2)E 
s m I G(f, Y, 4 I e-B(y) I u(r)1 dr 
(5.23) 
-co 
as .$ -+ + co. For 5 > 0 the above integral is dominated by 
Now 
+ fEm I #lG 0 I AY, 3 e-B(y) I 4r)l dy]- (5.24) 
f 
c 
--m I d5,V I MY, A)I e-B(y) I WI dy 
G cze-Rev+(Ak 
[f 
’ 
-cc 
eRe"-(n)Y dy 11 u l(w.o + C, 1’ eRev+(A)Ye(-K+@12 dy (1 u \\,,o] 
-0 
,(Rev+(A)-k+lz))e 
+ Re y+(h) - (~+/2) I ‘I ’ Ilw~o *
340 D. H. SATTINGER 
The second term in (5.24) is dominated by 
< c eRev+hk 
e-Rey &)+(~+/z)k 
15 Re Y+(A) + (K+/2) I II u Ilw.0 *
Thus, the integral (5.23) is dominated by 
I %)I i 
e((K+12)-ReY+(A))t 1 _ &K+/2-Rev+(A)k 1 
Re Y-(4 ’ Re y+(h) - (d/2) + Re y+(x) + (~+/i?) 1 I’ ‘$$ 
The expression (5.25) is uniformly bounded by 
as.$++~and]h~-tcoin~argA~<~--8,providedthath~8+. 
To obtain the estimate (5.21) we first note that, since B' is bounded, 
it suffices to estimate the integral 
s m eBtE) I G(5, Y, 41 e-B(v) I u(r)1 dy -cc 
as f + + GO. The estimate (5.21) is then obtained in the same manner 
as that for (5.20) after noting that differentiation of G with respect to 
5 brings down factors of order O(l r*(A)]). 
Case (II) may be reduced to case (I) by making the transformation 
f -P -f, c -+ -c in the operator L. 
Case (III) is immediate; for in this case e-B --+ co as 6 -+ & 00, and 
j[(h - L)-L Ilo < const. II +(A - L)-4 Ilo 
const. 
by (5.22). 
The proof of Case (IV) runs like that of case (I). Since eB -+ CO as 
[ + f co, it is necessary to estimate the integral 
s m eB(t) I G(t, y, h)l e-B(v) I u(y)1 dy --m 
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as .$ -+ &co. To obtain the appropriate estimate as 6 -+ + 00 one must 
require that h E Y+, while to obtain the appropriate estimate as [ + - co 
one must demand that h E 8-. 
COROLLARY 5.7. The conditions on L in the stability theorem (see 
Lemma 3.4) are satisfied if q~’ > 0 and 
(I) q+ < 0 and q- < (K-)‘/4 in case I; 
(II) q- < 0 and q+ < (~+)~/4 in case II; 
(III) q- < (K-)2/4 and q+ < (K+)“/4 it2 CaSe (III); 
(IV) q+ < 0 and q- < 0 in Case (IV). 
Proof. The statements follow from Theorem 5.6 and the relations 
In order for the spectrum of L to satisfy the conditions of Lemma 3.4 it 
is necessary for the regions 8+, 8-, 8+ n 8- to lie strictly in the left 
half-plane and fi = max{ p- , p+> < 0. 
6. KPP WAVES 
In their classic paper [2], Kolmogorov et al. discussed the stability of 
traveling waves for the simple parabolic equation 
Ut = %, +.w, (6-l) 
where f has the general shape shown in Fig. 6.1. Such equations arise 
as simple models for the propagation of favorable genes [24]. It is 
assumed thatf (u) >, 0 for 0 < u < 1 ;f’(O) = OL > 0; f ‘(1) = -/I < 0; 
and that f (u) is concave. Setting ,$ = x + ct and looking for solutions 
of (6.1) of the form u(x, t) = v(t), we get the following ordinary differ- 
ential equation for v 
q” - CT’ +f(fp) = 0. (6.2) 
There is no loss in generality in assuming c > 0. Equation (6.2) may 
be written as a first-order system 
v’ = p, 
P’ = cP -f(v). 
(6.3) 
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1 " 
FIGURE 6.1 
Since, in (6.1), the solution u represents the proportion of a population 
possessing a certain genetic structure, physical considerations require 
that 0 < u < 1. We are therefore interested in solutions of (6.2) which 
lie between 0 and 1. 
THEOREM 6.1 (Kolmogorov et. al. [2]). FOY each oalue of c, c 3 22/(;2, 
system (6.3) has a solution (c#, c), p(t, c)) such that 
0) O+P~,~~PXJ 
(ii> (~,P)-f(O,O)as5-t-oo,(~,p)4(l,O)asE4+cO. 
Although the proof of Theorem 6.1 was given in [2], we shall reproduce 
it here, not only for the sake of completeness, but, more importantly, 
because a detailed knowledge of the asymptotic properties of y will be 
important in our discussion of stability. 
Proof. The points (0, 0) and (1, 0) are singular points of the system 
(6.3). The linearization of (6.3) about (0,O) is 
The eigenvalues at (0,O) are thus given by the roots of 
h2 - CA + a = 0, 
namely, 
x =c-+=&L c+ vc=-4a 
1 2 ’ hB= 2 * (6.4) 
Corresponding to each root hi we have a solution of the form 
cp zzz p, p = ‘p’ = hi&E, 
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2 except in the case c = 4or, when the second solution is of the form 
cp = O((e’*‘) as [- -co. 
If c2 - 401 < 0 then the eigenvalues are complex, and (0, 0) is a stable 
spiral as 5 -+ - 00 (assuming c > 0). The solutions of (6.2) are in that 
case not positive as 5‘ ---f -00, and we must therefore require the roots 
to be real, hence c2 > 401. In that case, (0, 0) is an unstable node. 
Similarly, linearizing the system (6.3) about (1, 0) we find 
where q~ = 1 + w. The asymptotic behavior of solutions as 5 -+ co is 
thus w  = eye, p = ye+, where 
y2 - cy - p = 0, 
Y1;C+l@TV c - 1/C2+413 
2 ) Y2 = 2 . 
The eigenvalues y1 and yz are of opposite signs, since ylyz = -/3 < 0. 
Thus (I, 0) is a saddle. 
Let us show there exists a trajectory {y, p) connecting (0,O) to (l,(l). 
Consider the diagram in Fig. 6.2. The line OB is the straight line 
p = X,v, where A, is the smaller root in (6.4). We denote the vector 
field (6.3) by a(~, p) = ( p, cp -f(q)). On the line AB (A = (1, 0)), 
5 = (p, cp), so all trajectories cross AB moving upward and out of the 
triangle OAB. On the line OA the trajectories cross vertically and down- 
ward, since i? = (0, -f(~)) on OA. Furthermore, the trajectories slope 
to the right for p > 0 and to the left for p < 0, since q~’ = p > 0 for 
p>Oand~‘=p<Oforp<O. 
J * 
0 J A ’ 
FIGURE 6.2 
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Finally, on the line OB ( p = Al?), we have 
4 CP - f(v) -zzz 
drp 
=+fM. 
P P 
Now by our assumption thatfis concave,f(u) < oru, so 
where g(F) = o(q) as q~ + 0, and g(pl) < 0. Therefore, on p = X,v, 
> c - F = A,. 
1 
Thus, at each point on OB, the slope of the trajectory is greater than the 
slope of OB. 
Now consider the trajectory which tends to (1,O) as [ + co from 
within OAB. This trajectory is tangent to the line p = ya(p, where 
ya = (c - dc” + +I)/2 < 0. Tracing this trajectory backward we see 
that, since its tangent can never become vertical in the interior of OAB, 
it can never exit the region OAB. Therefore, as 6 --+ --co, it must tend 
to the origin. 
During the course of the proof of Theorem 6.1 we have established 
the following result, which will be important to us in our stability analysis 
of q& 
COROLLARY 6.2. Let CJI denote the wave whosf existence was demon- 
strated in Theorem 6.1. Then when 8 > 4a : 
N f+, 4-t-% 
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where 
Y2W = 
c- dc2-l-4P 
2 
<() 
, 
c - .\/c2 - 4a 
h(c) = 2 > 0. 
We have been unable to determine the asymptotic behavior of v when 
c2 = 4or as [ + -co. The root at (0,O) is a double one, so the solutions 
of the linearized system have the behavior ed\/“E and &dz”. Let us denote 
by (H) the hypothesis 
Since 
dp = c - fb) 
4 
~ < c, 
P 
p < cq and v’ = O(edzt) as well, if (H) holds. We discuss below some 
of the consequences of the validity or nonvalidity of (H). 
Let us now consider the spectral analysis of the associated linear 
operator 
Lu = uw - cd + f ‘(p))u. 
Let $ be a solution to the homogeneous equation 
(L - A)# = 0. (6.5) 
As 5 --+ - co, # is asymptotic to the solutions of 
WC - cd + (a! - A)w = 0 66) 
sincef’(9) -+ 01 as [ + -co. Thus, # - eve as f + -co, where 
y2 - cy + (a - A) = 0. 
If the roots of this equation are denoted by y1 , ya , then 
Yl + Y2 = CP 
YlY2 = (a - 4. 
If h is real and A < 01, then y1y2 > 0 so either y1 and ys are both positive 
(since y1 + ys = c > 0), or y1 and yz are complex conjugates of each 
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other with positive real parts. In either case, all solutions of (6.6), hence 
of (6.5), decay exponentially as ,$ + -cc when X < (Y. On the other 
hand, as e -+ + co the solutions of (6.5) are asymptotic to ey’, where 
this time 
Y2 - CY - (B + A) = 0, 
YlYZ = -@ + 49 
Yl + Yz = c. 
If X > -8, then one solution grows and one decays as 5 + + co. 
Therefore, for all A in the interval -/3 < h < cy, Eq (6.5) has a solution 
t,b(.$, A) which is uniformly bounded on - XI < [ < co and tends to zero 
exponentially as 5 + fco. For, we may choose # to be that solution 
which decays exponentially as E + + co. Then, for 5 -+ -co, z,J is 
asymptotic to a linear combination of the two solutions of (6.6) (each of 
which decays exponentially as .$ -+ -co). 
Since (Y and jl are positive, this means that the operator L, considered 
as an operator on the Banach space L, , has a continuum of eigenvalues 
in the interval (+, a). I n order to obtain any kind of stability properties 
of the KPP waves it is therefore necessary to introduce a weight function 
w; and in this case, the appropriate weight function is 
~(5) = 1 + e-(c/2)E 
(c may be positive or negative here). 
(6.7) 
THEOREM 6.3. The conditions of the stability theorem (Theorem 4.3) 
are satis$ed if c2 > 401 and w is given by (6.7). The spectrum of L (con- 
sidered as an operator on S??,,J is contained in the set 
{A: Re 4A + j3 + (c2/4) < c/2} u (A = x: -j3 < x < a - (c2/4)}. 
The resolvent (A - L)-l is analytic at the origin. Thus, the KPP waves are 
stable in the norm with weight function (6.7) whenever c2 > 401. When 
19 = 4a! the continuous spectrum of L extends all the way to the origin 
A = 0; and q~’ E SYw,O isf (H) holds. 
Proof. Theorem 6.3 is an application of Theorem 5.6 and Corol- 
lary 5.7. Since IC+ = K- = c we are in case (I) if c > 0 and case (II) if 
c < 0. Taking the case c > 0 we see that 
4+ = -8, P, = -B - (c2/4), 
q- = a, p- = 01 - (S/4). 
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The parabola i3@- crosses the real axis at h = -+. When c2 > 4a, 
p- < 0 so the spectrum is discrete in a neighborhood of the origin. 
We know that Ltp’ = 0 and ?‘I > 0 so by Theorem 5.5 there are no 
eigenvalues of L in the right half-plane. Let us show that F’ # am,0 . 
From Corollary 6.2, 
(c” > 401). Therefore 
e-ce/2 ‘p’ - const. e 
--.\/ca-401 5 
2 
and e-ec12Tp’ grows exponentially as ,$ + --CO if c2 > 4~. 
In the case c2 = 401 we have 
!7+ = --BY p- = 01 - (S/4) = 0 
so that the continuous spectrum of M, hence of L, occupies the interval 
-/3 < X < 0, by Lemma 5.3. Furthermore q’ E J?+?~,~ if and only if 
(H) holds. In fact, if r+~ = O(edsf) then y’ = O(e6-E) as well, and 
wq~’ = O(e-(C/2)ff+c/2)C) = O(1) as [+-co. 
It is easily seen that ‘p’ decays exponentially as 5 -+ fao, so 9’ E aw,s. 
On the other hand, if q’ = O([ed/‘E), then 
wcp’ = O(&(Wfe(c/2)E) = O(f) as 4-+-w. 
Remarks. The Banach space gwSo with weight function w  given by 
(6.7), is “relatively small” when c2 > 4~. For one thing, a wave rp(f, c) 
is an infinite distance from any translate in the norm 11 [JwVO: 
II dt, 4 - 9-G + Y, c)llw,o = +w 
for any y. Furthermore, any initial data u,(f) which is identically zero as 
5 -+ -co and identically one as 8 + + co is an infinite distance from 
any wave cp([, c), c2 > 4 01. This fact is an immediate consequence of 
Corollary 6.2. 
Kolmogorov et al. [2] p roved that the solution of the Cauchy problem 
(6.1) with initial data 
%(5) = 1, 4 3 0, 
zzz 0, 5 co, 
6071243-6 
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is asymptotic, in some weak sense, to the wave ~(5,244. There is a 
feeling among a number of researchers that the wave of speed 22/G may 
be the asymptotic limit of the solution of the initial value problem when 
the initial data belongs to an appropriate class. The asymptotic stability 
of the wave q~([, 22/-) 01 is, however, a delicate one, since the continuous 
spectrum of L extends all the way to X = 0. Moreover, initial data of 
the class discussed in the preceeding paragraph is an infinite distance from 
~(.$,21/(w) unless (H) holds. 
One might hope to eliminate some part of the continuous spectrum of 
L in the neighborhood of the origin by the introduction of a more 
restrictive norm; but the price of using a more restrictive norm (assuming 
one can be found) would be a smaller class of allowable initial perturba- 
tions. 
7. BURGERS' EQUATION 
Burgers’ equation, 
Ut + uux = %x , (74 
has received considerable attention in the literature [3, 5, 81 (see also [9] 
for a discussion of shocks obtained as limits of wave solutions as the 
viscosity tends to zero.) In contrast to the relatively weak stability 
possessed by the KPP waves, Eq. (7.1) admits wave solutions which 
exhibit a strong stability. 
The wave solutions of (7.1) are known explicitly to be 
4% t) = ?J,(E), f = x + et, 
9(f) = -c(l + tanh &f). 
(7.2) 
The stability of these waves has previously been treated by Peletier [3] 
and Oleinik and Kruzhkov [S]. 
The linearized operator L takes the form 
Lv = v" - (p' + c)v' - qh. 
Now 
q~ + c = -c tanh $cS -c, 5- a, 
N c, 5+-% 
and 
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SO 
K+ = -lJ K- = C, 
q* = 0, 
We are thus in case (III) so that the spectrum of L coincides with that 
of M. Let us calculate B and M: 
Thus 
4 b(5) = $(q~(t) + c) = - 2 tanh - . 
2 2 
eB(e) = se& - - e-clfll2 
2 as IfI-+oo, 
and the weight function w  may be taken to be 
~(5) = cash Y . 
The operator M is 
where 
Mv=v"+pv 
c2 
4 [ 
4 =-- sech2 f + tanh2 -2- 
I 
C2 
ZZ --. 
4 
Now 
wq3’ = 4 4 coshz$ = -gsechT, 
so WY’ is bounded. Therefore v’ E 9w,0 and L, hence M, has an isolated 
eigenvalue at the origin. The spectrum of L consists of a continuous 
spectrum on the interval - 00 < h < -S/4 plus an isolated eigenvalue 
at the origin. 
Thus, Burgers’ waves are stable. 
350 D. H. SATTINGER 
8. HUXLEY'S EQUATION 
Huxley’s equation is (6.1) withf(u) given by 
f(u) = u(1 - u)(u - a), 
where 0 -C a < &. This equation admits traveling wave solutions v which 
are monotone, that is, v’ is of one sign (see [I, 41). Huxley found the 
exact solution 
For this wave we easily calculate 
while 
and 
K+ = K- =c>Q 
q+ = -(l - a), 
q- = -a, 
g > 0. 
We are therefore in case (I) and the wave is stable according to Theorem 
5.6. The weight function is again (6.7). 
Let us show that 9’ E &9w,0 . Since f’(0) = --a, y, hence q’, are 
asymptotic as t + -co to eYE, where 
y2 - cy - a = 0. 
The roots of this equation are real and of opposite sign. Let 
be the positive root; then q~’ = O(eylf) as 5 -+ - co, and 
Since there is no problem as t -+ + 00, CJJ’ E BU,,O . 
The traveling wave solution is stable in the Loo norm (one may take 
the weight function w  E 1). This will be shown in a later paper. 
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9. THE STABILITY PROBLEM FOR THE GENERAL SINGLE EQUATION 
Consider the general scalar equation (1.7); the associated wave 
+, t) = 97(t), c = x + ct, satisfies the ordinary differential equation 
vc - q’ +“&, T’) = 0. (9.1) 
Suppose thatf(O, 0) = f(1, 0) = 0, so that (0,O) and (1,0) in the phase 
plane are equilibrium points (there is no loss of generality in placing two 
such points at (0,O) and (1, 0)); and suppose (9.1) admits a solution ~(5) 
such that (p), y’) passes from (0,O) to (1,O) in such a way that 
(9 9 > 0, v’ > 0, 
(ii) g,-+Oas[-+--co;g,--+las~-++co, 
(iii) rp’+OasI[I-+co. 
We ask: Under what conditions is the wave y stable to small perturbations 
relative to the weighted norm 11 llzo,., ? From Section 5 we know that 
so that 
K+ = C -f,/(l, o), 
K- = c -fu@, O), 
!?+ = fdl, O), 
q- = f&4 0). 
If we linearize (9.1) about (1,O) we get 
(9.2) 
v” + (fd(l, 0) - c>vJ’ +fu(l, O)P) = 0; 
while if (9.1) is linearized about (0,O) we get 
(9.3) 
FJ” + (fd(O, 0) - c)v’ +.f?@, ($9) = 0. (9.4) 
An equilibrium point (1,O) (or (0,O)) is called a saddle if the characteristic 
exponents of (9.3) (or (9.4)) h ave opposite signs. An equilibrium point 
is called a stable node (for 5 + + co) if the characteristic exponents are 
both real and negative, and an unstable node if they are both real and 
positive. 
352 D. H. SATTINGER 
In view of the relations (9.2) the characteristic exponents of (9.3) are 
roots of the quadratic equation 
while for (9.4) we get 
y2 - K+y + q+ = 0 (9.5) 
Y2-K-y+q-=0. (94 
Referring first to (9.5) we see that the roots y1 , ya satisfy 
YI + Y2 = K+. 
Thus (1,O) is a saddle if q+ < 0; a stable node if 0 < q+ < (~+/2)~ and 
K+ < 0; and an unstable node 0 < q+ < (~+/2)~ and K+ > 0. Similarly, 
(0,O) is a saddle if q- < 0; a stable node if 0 < q- < (K-/2)2 and 
K- < 0; and an unstable node if 0 < q- < (K-/Z)~ and K- > 0. 
Since by assumption the hypothesized wave is a trajectory going from 
(0,O) to (1, 0), we see that (1,O) must be either a saddle (S) or a stable 
node (N), while (0, 0) must either be a saddle (S) or an unstable node, 
which we may denote in the obvious way by SS, SN, NS, and NN. 
(SS) Here we must have q+ < 0 and q- < 0. In this case the wave 
is stable in the Leo norm. 
(SN) Here q- < 0, while q+ > 0 and K+ < 0. We are therefore 
either in case (II) or (III), and we get stability by Corollary 5.7. 
(NS) Here q- > 0 and K- > 0 while q+ < 0 and we are in 
case (I) or (III) and we get stability by Corollary 5.7. 
(NN) In this case 0 < q- < (~42)~ and 0 < q+ < (~+/2)~ while 
K+ < 0 and K- > 0. This is case (III) again, and the wave is stable. 
Note that (IV) does not occur for any of these cases. Case (II) would 
replace case (I) if we made the transformation c -+ -c, x -+ --x in the 
original equation. 
Summarizing, 
THEOREM 9.1. Let the scalar equation (1.7) admit a transition wave 
y(f) which is positive, increasing, and which interconnects Saddles and 
Nodes. Then v is stable in the appropriate norm. In the case (SS) the wave 
is stable in the untform norm. 
STABILITY OF WAVES OF NONLINEAR PARABOLIC SYSTEMS 353 
In [25] somewhat sharper stability results are stated. Let the weight 
functions w& be given as follows. 
Then suitable weight functions for stability are given in the table below. 
s 1 W+ 
N w- w&w- 
We see that the weight function grows exponentially in the direction of 
a node. The weight function may be identically one if both endpoints are 
saddles. 
The results stated above are somewhat sharper than those proved in 
this paper. We thank Professor D. G. Aronson for pointing out to us 
that such sharper results might be available. A proof of these results 
will be given in a future paper. 
If one of the equilibrium points is a node then a weighted norm must 
be introduced in order to obtain a stability result as in Theorem 4.1. 
For, let us suppose that (1,0) is a stable node, that is, that q+ >, 0 and 
K+ > 0. We consider the spectral analysis of the associated operator L 
on the Banach space LGO. Let 4 satisfy (L - h)# = 0. As [ -+ + co I/ is 
asymptotic to the solutions of the following equations. 
Wn - K+d + (q+ - di)w = 0, [ + +a’, 
Wn - K-d + (q- - x)w = 0, 6 -+ ---co. 
(9.7) 
(94 
If h < Q+ then (since K + < 0) both solutions of (9.7) decay exponentially 
as 5 -+ + CO. At f = -co there are two possibilities: Either Q- < 0 in 
which case one solution tends to zero exponentially as [ --+ -co; or 
q- > 0 and K- > 0 in which case at least one solution decays as .$ -+ - co. 
In either case, for h < q+ we may construct solutions of (L - X)# = 0 
which are bounded on the entire real line. We choose one of the solutions 
which decays as ,$ -+ -co and continue it to t = + co. As .$ -+ + co 
it is asymptotic to a linear combination of the two solutions of (9.7), both 
of which decay. 
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Therefore, if q+ > 0, L has a continuum of eigenvalues extending 
into the right half-plane. According to Evans’ instability result [6], the 
wave solution must be unstable in the Loo norm. If q+ = 0 we have a 
continuum of eigenvalues extending to the origin; presumeably this 
means that the wave function q~ is not exponentially stable (although the 
perturbation may perhaps decay algebraically). 
APPENDIX A 
We have [22, p. 6271 
(A - L)-l = la evAteetL dt, 
hence for any u E ?Zw,s, v* E a&, 
s 
m 
((A - L)-‘Qu, w*> = eeAt(ewtLQu, v*) dt. 
0 
The left-hand quantity is analytic in the region exterior to the region 
B = (y2 + x + a < O}. It is also regular at the origin since Q projects 
onto the complement of the null space of L. The function on the left 
also decays as 1 X 1 -+ 0~) along rays in the left half-plane; so by the 
classical Laplace inversion formula for functions, 
(emtLQu, a*) = -!- 2ti jc eAt((A - L)-I, v*) dh, (A-1) 
where C is any contour of the type described in Lemma 3.4. Since (A.l) 
holds for any v* E B$,e, and since the contour integral is the strong 
limit in 9Yw,0 of a sequence of finite sums we have 
emtLQu = & jc eA”(X - L)% dA. 
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